We show that the category of abelian gerbes over a smooth manifold is equivalent to a certain category of principal bundles over the free loop space. These principal bundles are equipped with fusion products and are equivariant with respect to thin homotopies between loops. The equivalence is established by a functor called regression, and complements a similar equivalence for bundles and gerbes equipped with connections, derived previously in Part II of this series of papers. The two equivalences provide a complete loop space formulation of the geometry of gerbes; functorial, monoidal, natural in the base manifold, and consistent with passing from the setting "with connections" to the one "without connections". We discuss an application to lifting problems, which provides in particular loop space formulations of spin structures, complex spin structures, and spin connections.
Summary
This is the third and last part of a series of papers [Part I, Part II] providing a complete formulation of the geometry of abelian bundles and gerbes over a smooth manifold M in terms of its free loop space LM . In this section we give an overview about the contents and the results of these three papers. In Section 2 we give a more focused summary of the present Part III. This paper is written in a self-contained way -contents taken from Parts I or II are either reviewed or explicitly referenced. For the convenience of the reader, we have included a table with the notations of all three papers at the end of this paper. 
In the left column, we have the categories Bun ∇ A (M ) and Bun A (M ) of principal A-bundles over M with and without connections, respectively, the symbol h 0 denotes the operation of taking sets of isomorphism classes of objects, and the vertical arrow is the operation of forgetting connections. The right column contains the corresponding loop space formulations: we have a set Fus(LM, A) consisting of fusion maps on the thin loop space LM of M . Basically, this is smooth map f : LM / / A that is constant on thin homotopy classes of loops, and satisfies
whenever γ 1 , γ 2 , γ 3 is a triple of paths in M with a common initial point and a common end point [Part I, Definition 2.2.3] . The set hFus(LM, A) consists of homotopy classes of fusion maps, and the vertical arrow denotes the projection of a fusion map to its homotopy class.
The maps T ∇ and T in diagram (1) are called transgression; they basically take the holonomy of a connection. The maps R ∇ and R in the opposite direction are called regression; they construct a principal bundle from a fusion map. The statement of Theorems A and B of [Part I] is that the pairs (T ∇ , R ∇ ) and (T , R) form bijections. Thus, the sets Fus(LM, A) and hFus(LM, A) are our loop space formulations of principal A-bundles with and without connection, respectively. Theorem C of [Part I] states the commutativity of the diagram; it expresses the fact that these loop space formulations are compatible with going from a setup with connections to one without connections. Moreover, all arrows in diagram (1) respect the group structures: in the left column the one induced by the monoidal structures on the categories Bun ∇ A (M ) and Bun A (M ), and in the right column the one given by point-wise multiplication of fusion maps. Finally, all sets and arrows in diagram (1) are natural with respect to the manifold M .
The content of [Part II] and the present Part III is a generalization of diagram (1) from bundles to gerbes. The gerbes we consider are diffeological A-bundle gerbes, whose structure group A is -as before -any abelian Lie group. The main results of Parts II and III can be summarized in the diagram
of categories and functors. In the left column we have the 2-categories DiffGrb A (M ) and DiffGrb ∇ A (M ) of diffeological A-bundle gerbes without and with connections, respectively, the symbol h 1 denotes the operation of producing a category from a 2-category by identifying 2-isomorphic 1-morphisms, and the vertical arrow is the operation of forgetting connections. The right column contains categories of principal A-bundles over LM , and the main problem addressed in Parts II and III is to find versions of these two categories such that the horizontal arrows are equivalences of categories.
Both categories of bundles over LM are based on the notion of a fusion product, which generalizes condition (2) from maps to bundles. Fusion products have been introduced in a slightly different form by Brylinski and McLaughlin [BM94, Bry93] , and have also been used in yet another form by Stolz and Teichner [ST] . Here, a fusion product on a principal A-bundle P over LM provides fibre-wise isomorphisms λ : P γ 2 ⋆ γ 1 ⊗ P γ 3 ⋆ γ 2 / / P γ 3 ⋆ γ 1 for triples γ 1 , γ 2 , γ 3 of paths in M with a common initial point and a common end point [Part II, Definition 2.1.3] . Principal A-bundles over LM with fusion products are called fusion bundles and form a category we denote by FusBun A (LM ). Fusion products are important because they furnish a functor
which we call regression functor [Part II, Section 5.1] . It depends -up to natural equivalences -on a base point x ∈ M . The two functors R ∇ x and hR x in diagram (3) are variations of this functor.
In the setup with connections -corresponding to the first row in diagram (3) and addressed in [Part II] -fusion bundles have to be equipped with superficial connections [Part II, Definition A] , forming the category FusBun ∇ A sf (LM ). We have introduced superficial connections as connections whose holonomy is subject to certain constraints. They permit to promote the regression functor to a setup "with connections", i.e. to a functor
In the opposite direction, there exists a transgression functor T ∇ defined by Brylinski and McLaughlin [Bry93] . Theorem A of Part II states that the functors R ∇ x and T ∇ form an equivalence of categories. Thus, fusion bundles with superficial connections over LM are our loop space formulation for gerbes with connections over M .
In the setup without connections -corresponding to the second row in diagram (3) and addressed in the present Part III -fusion bundles undergo two modifications. A detailed account is given in the next section. Firstly, we equip them with a thin structure, a kind of equivariant structure with respect to thin homotopies of loops. Fusion bundles with thin structure are called thin fusion bundles. Secondly, we pass to the homotopy category, i.e. we identify homotopic bundle morphisms. The result is the category hFusBun th A (LM ) in the bottom right corner of diagram (3). The vertical functor th in the second column of diagram (3) produces (via parallel transport) a thin structure from a superficial connection, and projects a bundle morphism to its homotopy class. The regression functor R x factors on the level of morphisms through homotopy classes, and so induces a functor
which we find in the bottom row of diagram (3). In contrast to the setup "with connections", there is no distinguished inverse functor. Still, Theorem A of the present article states that the functor (4) is an equivalence of categories. Thus, thin fusion bundles over LM are our loop space formulation for gerbes over M .
Theorem B of the present article states that diagram (3) is (strictly) commutativeit expresses the fact that our two loop space formulations, namely fusion bundles with superficial connections and thin fusion bundles, are compatible with passing from the setup with connections to the one without connections. Finally, all categories and functors in diagram (3) are monoidal and natural with respect to base point-preserving smooth maps. Now that we have summarized the results of this project, let me indicate how they can be used. The typical application arises whenever some theory over a smooth manifold M can be formulated in terms of categories of abelian gerbes or gerbes with connections. Then, our results allow to transgress the theory to an equivalent theory on the loop space LM , formulated in terms of fusion bundles with thin structures or superficial connections.
One example are lifting problems -problems of lifting the structure group of a principal bundle to an (abelian) central extension -which can be formulated in terms of lifting bundle gerbes. The case of spin structures was the initial motivation for this project: spin structures are lifts of the structure group of the frame bundle of an oriented Riemannian manifold M from SO to Spin. Stolz and Teichner have shown using Clifford bimodules that spin structures on M are the same as fusion-preserving orientations of LM . In [Part II, Corollary E] we have reproduced this result using transgression/regression for the discrete group A = Z/2Z. In [Wal11, Corollary 6 .3] we have treated geometric lifting problems for general abelian Lie groups A, in particular leading to a loop space formulation of spin connections (for Spin C -structures). In Section 2.2 of the present paper we complete the discussion of lifting problems, see Theorems C and D.
Another example are multiplicative gerbes over a Lie group G [CJM + 05]. Multiplicative gerbes transgress to central extensions of the loop group LG. As a result of this project, we can identify additional structure on these central extensions: fusion products, thin structures, and superficial connections. Some consequences of the existence of these structures have been elaborated in Section 1.3 of [Part II] ; other features are yet to be developed, for instance, the impact of fusion products to the representation theory of central extensions of loop groups. Further possible things one could look at in this context are index gerbes [Lot, Bun02] and twisted K-theory in its formulation by bundle gerbe modules [BCM + 02].
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Results of this Article

Main Theorems
In the present article we are concerned with principal bundles over the free loop space LM = C ∞ (S 1 , M ) of a smooth manifold M . We understand LM as a diffeological space, and use the theory of principal bundles over diffeological spaces developed in [Part I, Section 3] . The structure group of the bundles is an abelian Lie group A, possibly discrete, possibly non-compact. The goal of this article is to specify additional structure for principal Abundles over LM such that the resulting category becomes equivalent to the category of diffeological A-bundle gerbes over M . A detailed discussion of this additional structure is the content of Section 3.
The first additional structure is a thin structure, a central invention of this article and the content of Section 3.1. We first introduce the notion of an almost-thin structure, and then formulate an integrability condition. Roughly, an almost-thin structure provides fibre-wise identifications
where τ 1 and τ 2 are thin homotopic loops, i.e. there is a rank-one homotopy between them. The identifications d τ 1 ,τ 2 are supposed to satisfy the cocycle condition
whenever τ 1 , τ 2 and τ 3 are thin homotopic. The crucial point is to specify in which way the identifications d τ 1 ,τ 2 fit together into a smooth family, i.e. to define a diffeology on the set LM 2 thin of pairs of thin homotopic loops. Somewhat surprisingly, it turns out that the relevant diffeology is not the subspace diffeology of LM 2 thin ⊂ LM × LM , but a finer one which allows to choose thin homotopies locally in smooth families. In more appropriate language, we introduce a diffeological groupoid LM which we call the thin loop stack ; with objects LM and morphisms LM 2 thin . A principal A-bundle over the groupoid LM is a pair (P, d) of a principal A-bundle over LM and an equivariant structure d -this equivariant structure is precisely what we call an almost-thin structure (Definition 3.1.1).
A thin structure is an almost-thin structure that satisfies an integrability condition which we formulate now. On bundles over the loop space LM one can look at particular classes of connections. Here, the following class is relevant: a connection ω is called thin, if its holonomy around a loop τ in LM vanishes whenever the associated torus S 1 ×S 1 / / M is of rank (at most) one. Equivalently, its parallel transport between two thin homotopic loops τ 1 and τ 2 is independent of the choice of a (rank one) path between them, and so determines a well-defined map d ω τ 1 ,τ 2 : P τ 1 / / P τ 2 . We prove that these maps form an almost-thin structure. The integrability condition for an almost-thin structure d is that there exists a thin connection ω such that d = d ω (Definition 3.1.6).
The second additional structure is a fusion product, which we have introduced in [Part II, Definition 2.1.3] . We say that a path in M is a smooth map γ : [0, 1] / / M with "sitting instants". These assure that one can compose two paths whenever the first ends where the second starts. The diffeological space of paths in M is denoted by P M , and the end-point evaluation by ev : P M / / M × M . In diffeological spaces one can form the k-fold fibre products P M [k] of P M with itself over the evaluation map. Then, we have a well-defined smooth map
We denote by e ij the composition of l with the projection pr ij : P M [3] / / P M [2] . Now, a fusion product λ on a principal A-bundle P is a bundle morphism λ : e * 12 P ⊗ e *
P
/ / e * 13 P over P M [3] which satisfies an associativity constraint over P M [4] . Now we have described two additional structures for principal A-bundles over LM . We require that both are compatible in a certain way. In Part II we have already formulated compatibility conditions between a fusion product and a connection. Using these, we say that a compatible, symmetrizing thin structure is an almost-thin structure which can be integrated to a compatible, symmetrizing thin connection (Definition 3.2.2). More details about fusion products and compatibility conditions are given in Section 3.2.
Definition A. A thin fusion bundle over LM is a principal A-bundle equipped with a fusion product and a compatible, symmetrizing thin structure.
Thin fusion bundles form a category FusBun th A (LM ) whose morphisms are bundle morphisms that preserve the fusion products and the thin structures. It turns out that the category FusBun th A (LM )
is not yet equivalent to the category h 1 DiffGrb A (M ) of diffeological A-bundle gerbes over M , as intended. This can be seen by looking at the Hom-sets. It is well-known that the Hom-category between two bundle gerbes forms a module over the monoidal category Bun A (M ) of principal A-bundles over M , in such a way that the associated Hom-set in h 1 DiffGrb A (M ) forms a torsor for the group h 0 Bun A (M ). On the other hand, the Hom-sets of FusBun th A (LM ) form a torsor for the group Fus(LM, A) of fusion maps. However, the group h 0 Bun A (M ) is not isomorphic to Fus(LM, A), so that the two torsors cannot be in bijection. Instead, by [Part I, Theorem B] the group h 0 Bun A (M ) is isomorphic the group hFus(LM, A) of homotopy classes of fusion maps. This forces us to pass to the homotopy category of thin fusion bundles:
Definition B. The homotopy category of thin fusion bundles -which we denote by hFusBun th A (LX) -consists of thin fusion bundles and homotopy classes of bundle morphisms that preserve the fusion product and the thin structures.
A detailed discussion of homotopy categories of bundles is the content of Section 3.3. In order to establish the equivalence between the categories h 1 DiffGrb A (M ) and hFusBun th A (LM ) we use the regression functor
defined in [Part II] , for which we prove that it factors -on the level of morphisms -through homotopy classes (Proposition 4.2). We denote the resulting functor by hR x ; a detailed construction is given in Section 4. The main theorem of this article is:
Theorem A. Let M be a connected smooth manifold. Regression induces an equivalence of monoidal categories:
Moreover, this equivalence is natural with respect to base point-preserving smooth maps.
We want to relate the equivalence of Theorem A to the equivalence R ∇ x in the setting with connections [Part II, Theorem A]. There, a category FusBun ∇ A sf (LM ) of fusion bundles with superficial connections is relevant. A superficial connection is a thin connection with an additional property related to certain homotopies between loops in LM . In particular, a superficial connection ω defines a thin structure d ω , and since connections on fusion bundles are (by definition) compatible and symmetrizing, the thin structure d ω is also compatible and symmetrizing. This defines a functor
The following theorem states that this functor corresponds under regression to the opera-tion of forgetting bundle gerbe connections.
Theorem B. For any connected smooth manifold M , the diagram
of categories and functors is strictly commutative.
Theorem B holds basically by construction of the regression functor hR x (Proposition 4.3). The proof of Theorem A is carried out in Section 5. There we prove that the functor hR x is a bijection on isomorphism classes of objects, and that it induces on the level of morphisms equivariant maps between torsors over isomorphic groups. The hardest part is the proof that the functor hR x is injective on isomorphism classes of objects. One ingredient we use is a generalization of a lemma of Murray [Mur96] about differential forms on fibre products of a surjective submersion from the smooth to the diffeological settingthis is discussed in Appendix A.
In Appendix B we explain -separated from the main text -a byproduct of the discussion in Section 5, namely that two compatible, symmetrizing thin structures on the same fusion bundle are necessarily isomorphic (Proposition B.1). This may be surprising since it means that -on the level of isomorphism classes -a thin structure is no additional structure at all. Still, as we argue in Appendix B, thin structures are necessary for the correct categorical structure.
Application to Lifting Problems
In this section we describe an application of our results to lifting problems, completing a discussion started in [Part II, Section 1.2] and [Wal11] . Let
be a central extension of Lie groups, with A abelian. Let E be a principal G-bundle over M . A G-lift of E is a principal G-bundle F over M together with a smooth, fibrepreserving map f :
A morphism between G-lifts F and F ′ is a bundle morphism ϕ : F / / F ′ that exchanges the maps to E. We denote by G-Lift(E) the category of G-lifts of E. The obstruction against the existence of G-lifts can be represented by a bundle gerbe, the lifting bundle gerbe G E [Mur96] . Namely, there is an equivalence of categories
where I is the trivial bundle gerbe and Hom denotes the Hom-category of the 2-category of bundle gerbes. In other words, the trivializations of the lifting bundle gerbe G E are exactly the G-lifts of E.
Since the regression functor hR x is essentially surjective by Theorem A, there exists a thin fusion bundle P E over LM together with a 1-morphism A : G E / / R x (P E ). Further, if I denotes the trivial thin fusion bundle over LM , there is an obvious canonical trivialization T : R x (I) / / I. Since the regression functor hR x is full and faithful, we obtain a bijection
where Hom(P E , I) is the Hom-set in the homotopy category of thin fusion bundles. The elements in this Hom-set can be identified with homotopy classes of fusion-preserving, thin sections, i.e. sections σ :
for all (γ 1 , γ 2 , γ 3 ) ∈ P M [3] and all thin homotopic loops τ 0 , τ 1 ∈ LM . Now, the bijection (6) and the equivalence (5) imply together:
Theorem C. Let E be a principal G-bundle over a connected smooth manifold M , and let G be a central extension of G by an abelian Lie group A. Then, any choice (P E , A) as above determines a bijection
Homotopy classes of fusion-preserving thin sections of P E    .
In particular, E admits a G-lift if and only if P E admits a fusion-preserving thin section.
Theorem C is a complete loop space formulation of lifting problems. It generalizes [Part II, Theorem B] from discrete abelian groups A to arbitrary ones. Indeed, if A is discrete, there are no non-trivial homotopies and every section is thin (with respect to the unique trivial thin structure).
In the discrete case, Theorem C can be applied to spin structures on an oriented Riemannian manifold M of dimension n, since spin structures are Spin(n)-lifts of the frame bundle F M of M , see [Part II, Corollary E] . For a non-discrete example, we may apply it to Spin C (n)-structures on M , which are lifts of F M along the central extension
Using the Levi-Cevita connection on M and the transgression functor T ∇ one can canonically construct the principal U(1)-bundle P F M and the isomorphism A [Wal11, Section 6], slightly improving the general situation. The canonical bundle P F M is also called the complex orientation bundle over LM , and its sections are called complex orientations of LM . Then, Theorem C becomes:
Corollary A. Let M be an oriented Riemannian manifold of dimension n. Then, there is a bijection
Isomorphism classes of
In order to make some more connections to my paper [Wal11] let us return the the general situation of a central extension p : G / / G of a Lie group G by an abelian Lie group A. We recall that if a principal G-bundle E carries a connection ω ∈ Ω 1 (E, g), a geometric G-lift of E is a G-lift F together with a connection ω ∈ Ω 1 (F, g) such that f * ω = p * ( ω). Here, g and g are the Lie algebras of G and G, respectively, and a will denote the Lie algebra of A. A morphism between geometric G-lifts F and F ′ is a connection-preserving bundle morphism ϕ : F / / F ′ that exchanges the maps to E. One can associate to each geometric G-lift F a "scalar curvature" ρ ∈ Ω 2 (M, a) [Wal11, Section 2]. Geometric G-lifts of E with fixed scalar curvature ρ form a category G-Lift ∇ ρ (E). The obstruction theory with the lifting bundle gerbe G E extends to a setting with connections: one can equip the lifting gerbe G E with a connection [Gom03] , such that there is an equivalence of categories
see [Wal11, Theorem 2.2] . Here, I −ρ is the trivial bundle gerbe equipped with the connection given by −ρ, and Hom ∇ denotes the Hom-category of the 2-category of bundle gerbes with connection. The analogue of Theorem C in the setting with connections is [Wal11, Theorem A] : it combines the equivalence (7) with [Part II, Theorem A] and proves that isomorphism classes of geometric G-lifts of E with fixed scalar curvature ρ are in bijection to fusion-preserving sections of P E of curvature Lρ, i.e. sections that pullback the connection 1-form of P E to the transgressed 1-form −Lρ on LM . Under the functor th, such sections become thin (Proposition 3.1.9). Due to Theorem B, we obtain:
Theorem D. Let E be a principal G-bundle with connection over a connected smooth manifold M , and let G be a central extension of G by an abelian Lie group A. Let P E be the transgression of the lifting gerbe G E , and let ρ ∈ Ω 2 (M, a). Then, the diagram
Homotopy classes of fusion-preserving, thin sections of th(P E )    is commutative, and the horizontal arrows are bijections.
Theorem D is a complete loop space formulation of lifting problems and geometric lifting problems for central extensions by abelian Lie groups.
Thin Fusion Bundles over Loop Spaces
In this section we introduce the groupoid FusBun th A (LX) of thin fusion bundles over the loop space LX of a diffeological space X. For an introduction to diffeological spaces we refer to Appendix A of [Part I] . The loop space LX is the diffeological space of smooth maps τ : S 1 / / X. In the following we denote -for any diffeological space Y -by P Y the diffeological space of paths in Y : smooth maps γ : [0, 1] / / Y with "sitting instants", i.e. they are locally constant in a neighborhood of {0, 1}.
Thin Bundles
One of the main inventions of this article is a new version of loop space: the thin loop stack LX. It is based on the notion of a thin path in LX, also known as thin homotopy. A path γ ∈ P LX is called thin, if the associated map γ ∨ : [0, 1] × S 1 / / X is of rank one. If X is a smooth manifold, this means that the rank of the differential of γ ∨ is at most one at all points. The notion of rank of a general smooth map between diffeological spaces is a generalization introduced in [Part I, Definition 2.1.1].
The thin loop stack LX is not a diffeological space but a diffeological groupoid. Its space of objects is the loop space LX. We denote by LX 2 thin the set of pairs (τ 1 , τ 2 ) of thin homotopic loops in X, and let pr 1 , pr 2 : LX 2 thin / / LX be the two projections. In order to define a diffeology on LX 2 thin we have to specify "generalized charts", called plots. Here, a map c : U / / LX 2 thin is a plot if every point u ∈ U has an open neighborhood W such that there exists a smooth map h : W / / P LX so that h(w) is a thin path from pr 1 (c(w)) to pr 2 (c(w)). The three axioms of a diffeology are easy to verify. The diffeological space LX 2 thin is the space of morphisms of the groupoid LX. The two projections pr 1 and pr 2 are subductions (the diffeological analogue of a map with smooth local sections) and provide target and source maps of LX. Finally, the composition Definition 3.1.1. The category of almost-thin bundles over LX is by definition the category Bun A (LX) of principal A-bundles over the thin loop stack LX.
Thus, an almost-thin bundle is a principal A-bundle over the loop space LX together with a bundle isomorphism d : pr * 1 P / / pr * 2 P over LX 2 thin satisfying the cocycle condition
for any triple (τ 1 , τ 2 , τ 3 ) of thin homotopic loops. The isomorphism d will be called almostthin structure on P . A morphism between almost-thin bundles (P 
In other words, smooth maps do not see a difference between the stack LX and the space LX. Here, in contrast, there is no such bijection between bundles over LX and LX. In order to see this, let us denote by LX [2] the diffeological groupoid with objects LX and morphisms LX × LX LX. Since diffeological bundles form a stack [Part I, Theorem 3.1.5], we have an equivalence of categories
Now let us consider the identity map
It is smooth, but not a diffeomorphism. Hence, the groupoids LX and LX [2] are not isomorphic, and there is no equivalence between Bun A (LX [2] ) and Bun A (LX). Summarizing, there is a subtle difference between almost-thin bundles and bundles over LX. It turns out that for the purposes of this article the first ones are the relevant ones, see Remark 3.1.7.
Another interesting diffeological groupoid related to loop spaces is the action groupoid LX/ /Diff + (S 1 ), where Diff + (S 1 ) denotes the diffeological group of orientation-preserving diffeomorphisms of S 1 , acting on LX by reparameterization. There is a smooth functor
which is the identity on the level of objects, and given by
on the level of morphisms. Indeed, ϕ is homotopic to the identity id S 1 , and any such homotopy induces a thin homotopy between τ and τ • ϕ [Part II, Proposition 2.2.5]. Via pullback along the stack morphism (3.1.1) we obtain:
Proposition 3.1.3. Every almost-thin structure on a principal A-bundle P over LX determines a Diff + (S 1 )-equivariant structure on P .
An important way to obtain examples of almost-thin bundles over LX is by starting with a bundle with thin connection: Definition 3.1.4. A connection on a principal A-bundle P over LX is called thin if its holonomy around a loop τ ∈ LLX vanishes whenever the associated map τ ∨ : S 1 ×S 1 / / X is of rank one.
In other words, if γ 1 and γ 2 are thin paths in LX with γ 1 (0) = γ 2 (0) = τ 0 and γ 1 (1) = γ 2 (1) = τ 1 , then the parallel transport maps τ γ 1 : P τ 0 / / P τ 1 and τ γ 2 :
Hence, a thin connection determines a map d ω τ 0 ,τ 1 : P τ 0 / / P τ 1 , independent of the choice of the thin path between τ 0 and τ 1 .
Lemma 3.1.5. The maps d ω τ 0 ,τ 1 parameterized by pairs (τ 0 , τ 1 ) ∈ LX 2 thin form an almostthin structure d ω on P .
Proof. Let c : U
/ / pr * 1 P be a plot, i.e. the two prolongations c P : U / / P and c b : U / / LX 2 thin are smooth. Let u ∈ U . By definition of the diffeology on LX 2 thin the point u has an open neighborhood W with a smooth map γ : W / / P LX, such that γ(w) is a thin path connecting the loops γ(w)(0) and γ(w)(1). The parallel transport of the connection ω can be seen as a smooth map
is a smooth map and coincides with d ω • c| W . Thus, the latter is smooth, and this shows that d ω is smooth. Since parallel transport is functorial under the composition of paths, it is clear that d ω satisfies the cocycle condition.
Almost-thin structures that can be obtained via Lemma 3.1.5 play an important role in this article:
Definition 3.1.6. An almost-thin structure d on a principal A-bundle P over LX is called integrable or thin structure, if there exists a thin connection ω on P such that d = d ω .
Bundles over LX with thin structures form a full subcategory of Bun A (LX) that we denote by Bun th A (LX), i.e. the morphisms in Bun th A (LX) are thin bundle morphisms. So far we have seen that almost-thin structures can be obtained from thin connections, and that these are integrable. Next we relate the notion of a thin structure to the one of a superficial connection [Part II, Definition 2.4] . A connection on a principal A-bundle over LX is called superficial, if the following two conditions are satisfied:
1. it is thin in the sense of Definition 3.1.4.
2. if τ 1 , τ 2 ∈ LLX are loops in LX so that their associated maps τ ∨ k : S 1 × S 1 / / X are rank-two-homotopic, then τ 1 and τ 2 have the same holonomy.
We denote by Bun ∇ A sf (LX) the groupoid of principal A-bundles over LX with superficial connections. In particular, since every superficial connection is thin, Lemma 3.1.5 defines a functor th : Bun
Remark 3.1.7. Lemma 3.1.5 states that a thin connection equips a bundle over LX with an equivariant structure with respect to the groupoid LX. The analogous statement for the groupoid LX [2] (see Remark 3.1.2) is not true: a functor like (3.1.2) with target the bundles over LX does not exist.
We shall make clear that the functor th looses information. More precisely, we show that different superficial connections may define the same thin structure. To start with, we recall that to any k-form η ∈ Ω k (X) one can associate a (k − 1)-form Lη ∈ Ω k−1 (LX) defined by
where ev : S 1 × LX / / X is the evaluation map. We call a 1-form on LX superficial, if it is superficial when considered as a connection on the trivial bundle over LX.
Lemma 3.1.8. Let η ∈ Ω 2 (X). Then, Lη is superficial.
Proof. This can be verified via a direct calculation using that the pullback of a k-form along a map of rank less than k vanishes (see [Part I, Lemma A.3 .2] for a proof of this claim in the diffeological setting).
Proposition 3.1.9. Suppose η ∈ Ω 2 (X), and consider the 1-form Lη as a superficial connection on the trivial bundle I over LX. Then, the induced thin structure d Lη is the trivial one, i.e. given by the identity bundle morphism id : pr
Proof. Let (τ 0 , τ 1 ) ∈ LX 2 thin , and let γ ∈ P LX be a thin path connecting τ 0 with τ 1 , i.e. the adjoint map γ ∨ : [0, 1] × S 1 / / X has rank one. The parallel transport in I Lη along γ is given by multiplication with
hence the induced thin structure is trivial.
In particular, the trivial thin structure on the trivial bundle over LX is induced by any 2-form η ∈ Ω 2 (X). This shows a lot of structure is lost when passing from a superficial connection to a thin structure.
One suggestion for further research is to find any kind of obstruction against the integrability of an almost-thin structure that makes no direct use of connections (in contrast to Definition 3.1.6). It might also be possible that there is no obstruction, i.e. that every almost-thin structure is integrable; so far I was unable to prove or disprove this.
Fusion Products
We use the smooth maps
where P X [k] denotes the k-fold fibre product of P X over X × X [Part I, Section 2]. Like in Section 2.1, we let e ij : P X [3] / / LX denote the map l • pr ij , with pr ij : P X [3] / / P X [2] the projections. We recall:
Definition 3.2.1 ([Part II, Definition 2.1.3]). Let P be a principal A-bundle over LX. A fusion product on P is a bundle morphism λ : e * 12 P ⊗ e *
P
/ / e * 13 P over P X [3] that is associative over P X [4] . A bundle equipped with a fusion product is called fusion bundle. A bundle isomorphism is called fusion-preserving, if it commutes with the fusion products.
There are two compatibility conditions between a connection on a principal A-bundle P and a fusion product λ. We say that the connection is compatible with λ if the isomorphism λ preserves connections. We say [Part II, Definition 2.9 ] that the connection symmetrizes
for all (γ 1 , γ 2 , γ 3 ) ∈ P X and all q 1 ∈ P l(γ 1 ,γ 2 ) and q 2 ∈ P l(γ 2 ,γ 3 ) , where R π is the parallel transport along the rotation by an angle of π, regarded as a path in LX. The reader may check that (3.2.1) makes sense. Condition (3.2.1) can be seen as a weakened commutativity condition for λ [Part II, Remark 2.1.6].
A fusion bundle with connection is by definition a principal A-bundle over LX equipped with a fusion product and a compatible, symmetrizing connection. Morphisms between fusion bundles with connection are fusion-preserving, connection-preserving bundle morphisms. This defines the groupoid FusBun ∇ A (LX). Requiring additionally that the connections are superficial defines a full subgroupoid FusBun ∇ A sf (LX); this groupoid appears prominently in [Part II] .
Definition 3.2.2. Let (P, λ) be a fusion bundle. A thin structure d on P is called compatible and symmetrizing if there exists an integrating connection that is compatible and symmetrizing.
A compatible and symmetrizing thin structure d satisfies, in particular, the following two conditions, whose formulation is independent of an integrating connection:
(a) for all paths Γ ∈ P (P x X [3] ) with (γ 1 , γ 2 , γ 3 ) := Γ(0) and (γ ′ 1 , γ ′ 2 , γ ′ 3 ) := Γ(1) such that the three paths P e ij (Γ) ∈ P LX are thin, the diagram
is commutative.
(b) for all (γ 1 , γ 2 , γ 3 ) ∈ P X [3] and all q 1 ∈ P l(γ 1 ,γ 2 ) and q 2 ∈ P l(γ 2 ,γ 3 )
where π :
. The relation to (3.2.1) arises because the two loops in the image of π are related by a rotation by an angle of π.
Conversely, if an almost-thin structure on a fusion bundle P satisfies (b), and ω is an integrating thin connection, then ω is automatically symmetrizing. This follows because the condition of being symmetrizing only involves the parallel transport of ω along thin paths, and these parallel transports are determined by the almost-thin structure d. I do not know whether or not a similar statement holds for (a); at the moment it seems that Definition 3.2.2 is stronger than (a) and (b).
According to Definition A, a thin fusion bundle is a fusion bundle over LX with a compatible and symmetrizing thin structure. Thin fusion bundles form a category that we denote by FusBun th A (LX). Evidently, the functor th from (3.1.2) passes to the setting with fusion products:
We recall that the main result of [Part II] is that the category FusBun ∇ A sf (LM ) of fusion bundles with superficial connection (over a connected smooth manifold M ) is equivalent to the category h 1 DiffGrb ∇ A (M ) of diffeological bundle gerbes with connection over M via a transgression functor
As a preparation for Section 5 we need the following result about the composition of T ∇ with the functor th.
Let η ∈ Ω 2 a (M ) be a 2-form on M with values in the Lie algebra a of A, and let I η be the trivial gerbe over M with connection η. There is a fusion-preserving, connection-preserving bundle morphism σ : Wal11, Lemma 3.6] , where the trivial bundle I is equipped with the superficial connection 1-form −Lη and with the trivial fusion product induced by the multiplication in A.
Proposition 3.2.3. The bundle morphism σ induces a fusion-preserving, thin bundle morphism
where the trivial bundle I is equipped with the trivial fusion product and the trivial thin structure.
Proof. By functorality th(T ∇ (I η )) is isomorphic to th(I −Lη ) via th(σ). By Proposition 3.1.9, the latter has the trivial thin structure.
Homotopy Categories of Bundles
It is familiar for topologists to consider the homotopy category of topological spaces (or of other model categories). Here we do the same thing with categories of bundles over LX.
We have the category hBun A (LX) of principal A-bundles over LX and homotopy classes of bundle morphisms. Here, a homotopy between two bundle morphisms ϕ 0 , ϕ 1 : P / / P ′ is a smooth map h : [0, 1] × P / / P ′ so that h 0 = ϕ 0 and h 1 = ϕ 1 , and h t is a bundle morphism for all t. We will often identify the homotopy h with its "difference from ϕ 0 ", i.e. with the smooth map h ′ : [0, 1] × LX / / A defined by h t = ϕ 0 · h ′ t . Now we take additional structure into account. We have the category hFusBun A (LX) of fusion bundles over LX and homotopy classes of fusion-preserving bundle morphisms. Here, the homotopies h satisfy -additionally to the above -the condition that h t is fusionpreserving for all t. Correspondingly, the maps h ′ are such that h ′ t satisfies the fusion condition for all t, i.e.
for all triples (γ 1 , γ 2 , γ 3 ) ∈ P X [3] .
Next we look at the category hBun th A (LX) of thin principal A-bundles over LX together with homotopy classes of thin bundle morphisms. That is, the homotopies h are such that h t is thin for all t. We claim that the corresponding maps h ′ t are such that h ′ t (τ 0 ) = h ′ t (τ 1 ) for thin homotopic loops τ 0 , τ 1 . In other words, h ′ is a smooth map h ′ : [0, 1] × LM / / A defined on the thin loop space. In order to prove that claim, suppose that ϕ 0 , ϕ 1 : P / / P ′ are thin bundle morphisms, and h ′ : [0, 1] × LX / / A is a smooth map with h ′ 0 ≡ 1 and
Let τ 0 and τ 1 be thin homotopic loops, and let p ∈ P τ 0 . Then, we get
Combining the last two paragraphs, we arrive at Definition B of Section 2, the homotopy category hFusBun th A (LX) of thin fusion bundles over LX, consisting of thin fusion bundles and homotopy classes of fusion-preserving, thin bundle morphisms. The maps h ′ are smooth maps h ′ : [0, 1] × LX / / A that are fusion maps for all t; such maps have been called fusion homotopies in [Part I] . The homotopy category hFusBun th A (LX) plays a central role in this paper, it is the category on the right hand side of Theorem A. For the proof of Theorem A in Section 5 we provide the following result: Proposition 3.3.1. The Hom-sets in the homotopy category hFusBun th A (LX) are either empty or torsors over the group hFus(LX, A) of homotopy classes of fusion maps.
Proof. Let f : LX
/ / A be a fusion map, let (P 1 , λ 1 , d 1 ) and (P 2 , λ 2 , d 2 ) be thin fusion bundles, and let ϕ : P 1 / / P 2 be a thin, fusion-preserving bundle morphism. We define
for all p 1 ∈ P 1 | τ and prove that this gives the claimed free and transitive action. First of all, it is easy to check that the action is well-defined, i.e. that the homotopy class of ϕ · f depends only on the homotopy classes of ϕ and f , and that ϕ · f is a fusion-preserving, thin bundle morphism.
The action is free: suppose ϕ is a thin, fusion-preserving bundle morphism, f is a fusion map, and h ′ : [0, 1] × LX / / A parameterizes a homotopy between ϕ · f and ϕ. But then, the same h ′ is a fusion homotopy between f and the constant map 1, so that f = 1 in hFus (LX, A) .
The action is transitive: suppose ϕ, ϕ ′ : P / / P ′ are fusion-preserving, thin bundle morphisms. General bundle theory [Part I, Lemma 3.1 .3] provides a unique smooth map f : LX / / A such that ϕ ′ = ϕ · f . That ϕ and ϕ ′ are fusion-preserving implies that f is a fusion map. That ϕ and ϕ ′ are thin implies that f is constant on thin homotopy classes of loops:
Thus, f is a fusion map.
Regression
The main ingredient for regression are fusion products. In [Part II] we have defined a functor
where x ∈ X is a base point, and DiffGrb A (X) is the 2-category of diffeological A-bundle gerbes over X. This 2-category is discussed in [Part II, Section 3.1] . Let us review the construction of the functor R x . If (P, λ) is a fusion bundle over LX, the diffeological bundle gerbe R x (P, λ) consists of the subduction ev 1 : P x X / / X, the principal A-bundle l * P obtained by pullback along l : P x X [2] / / LX, and the fusion product λ as its bundle gerbe product. If ϕ : P 1 / / P 2 is a fusion-preserving bundle morphism, a 1-isomorphism
is constructed as follows. Its principal A-bundle Q over P x X [2] is l * P 2 , and its bundle isomorphism α : pr *
, where pr ij :
denotes the projections, is given by e * 13 P 1 ⊗ e * 34 P 2 e * 13 ϕ⊗id
/ / e * 13 P 2 ⊗ e * 34 P 2 pr * 134 λ 2 / / e * 14 P 2 pr * 124 λ −1 2 / / e * 12 P 2 ⊗ e * 24 P 2 , where we have used the notation e ij := l • pr ij . The compatibility condition between α and the bundle gerbe products λ 1 and λ 2 follows from the fact that ϕ is fusion-preserving.
It is straightforward to see that the functor R x is monoidal. In particular, if I denotes the trivial bundle with the trivial fusion product, i.e. the tensor unit in FusBun A (LX), there is a canonical trivialization T : R x (I) / / I, where I denotes the trivial bundle gerbe. Further, the functor hR x is natural with respect to base point-preserving smooth maps between diffeological spaces.
Our first aim is to prove that the functor R x factors through the homotopy category of fusion bundles; for that purpose we prove the following lemma.
Lemma 4.1. Let ϕ : P 1 / / P 2 be a fusion-preserving morphism between fusion bundles over LX, and let f : LX / / A be a fusion map. Then, there exists a 2-isomorphism
where R x (f ) is the principal A-bundle over X reconstructed from f , and ⊗ denotes the action of bundles on 1-isomorphisms between gerbes.
Proof. We recall from [Part I, Section 4 .1] that the bundle R x (f ) is obtained by descent theory: it descends from the trivial principal A-bundle I over the space P x X of thin homotopy classes of paths starting at x using a descent structure defined by f . In other words, the pullback P f := R x (f ) along ev : P x X / / X has a canonical trivialization t : I / / P f , and the diagram
is commutative, in which the map f is considered as a morphism between trivial bundles. We obtain another commutative diagram
(4.1)
Now we are ready to construct the 2-isomorphism β f,ϕ . We recall that a 2-isomorphism is an isomorphism between the principal A-bundles of the two involved 1-isomorphisms, satisfying a certain condition. In our case the bundles of R x (ϕ · f ) and R x (ϕ) ⊗ P f are l * P 2 and l * P 2 ⊗ pr * 1 P f , respectively, living over P x X [2] . The isomorphism β is given by
The condition β has to satisfy in order to define the desired 2-isomorphism is that the diagram e is commutative. Indeed, the subdiagram on the left is commutative due to the commutativity of diagram (4.1), while the other two subdiagrams commute due to the definition of β.
Now we look at the functor
where the horizontal functor simply forgets the thin structures.
Proposition 4.2. Over a connected smooth manifold M , the functor (4.2) factors uniquely through the homotopy category hFusBun th A (LM ), i.e. there is a unique functor
such that the diagram
is strictly commutative.
Proof. Uniqueness is clear because the projection to the homotopy category is surjective on objects and morphisms. Suppose ϕ 0 , ϕ 1 : P / / P ′ are homotopic morphisms between thin fusion bundles. We have to construct a 2-isomorphism R x (ϕ 0 ) ∼ = R x (ϕ 1 ), identifying the two 1-morphisms in h 1 DiffGrb A (M ). As explained in Section 3.3, the homotopy is a smooth map h ′ : [0, 1] × LX / / A such that h ′ 0 = 1 and ϕ 1 = ϕ 0 · h ′ 1 . In that situation, Lemma 4.1 provides a 2-isomorphism
Further, since h ′ is a fusion homotopy from h ′ 1 to 1, the principal A-bundle R x (h ′ 1 ) is trivializable [Part I, Lemma 4.1.3] , this argument requires the restriction to a smooth manifold. Under such a trivialization, the 2-isomorphism β is a 2-isomorphism
We recall from [Part II, Section 5.2] that if the fusion bundles are additionally equipped with superficial connections, the regression functor R x can be refined to another functor
The two regression functors R ∇ x and hR x are compatible in the following sense:
Proposition 4.3. Let M be a connected smooth manifold. Then, the diagram
Proof. The commutativity follows from the one of the following subdiagrams:
Indeed, the small triangular diagrams commute evidently, the one on the bottom commutes due to Proposition 4.2, and the big one commutes because R ∇ x just constructs a gerbe connection on the bundle gerbe constructed by R x .
Finally, we need in Section 5 the following reformulation of Lemma 4.1: Proposition 4.4. Let P 1 and P 2 be thin fusion bundles over LM . The regression functor hR x is equivariant on Hom-sets in the sense that the diagram
is commutative. Here, the Hom-sets are those of the categories hFusBun th A (LM ) and h 1 DiffGrb A (M ), respectively, and the horizontal maps are the actions of Proposition 3.3.1, and the usual action of bundles on isomorphisms between gerbes, respectively.
Proof of the Main Theorem
The main theorem (the regression functor hR x is an equivalence of categories) is proved by Proposition 5.2 (it is essentially surjective) and Proposition 5.6 (it is full and faithful) below. For the first part we need:
Lemma 5.1. Let M be a smooth manifold. The functor
that forgets the connections is essentially surjective.
Proof. Every diffeological bundle gerbe G is isomorphic to a smooth one, because its subduction can be refined to a surjective submersion [Part I, Lemma A.2.2] , in which case its principal A-bundle becomes a smooth one [Part I, Theorem 3.1.7] . But every smooth bundle gerbe admits a connection [Mur96] .
Proposition 5.2. For M a smooth manifold, the functor hR x is essentially surjective.
Proof. Suppose G is a diffeological bundle gerbe over X. By Lemma 5.1 there exists a smooth bundle gerbe H with connection such that f (H) ∼ = G, and thus a fusion bundle with superficial connection P := T ∇ (H) over LM . We claim that th(P ) is an essential preimage for G. Indeed, we have
using Proposition 4.3 and [Part II, Theorem A].
Next we want to prove that the functor hR x is full and faithful. Our strategy is to prove first that it is essentially injective, i.e. injective on isomorphism classes. This is in fact the hardest part; the remaining part is then a mere consequence of of Proposition 4.4. Essential injectivity is proved in the following three lemmata. The first one is well-known for smooth bundle gerbes, but requires special attention for diffeological ones.
Lemma 5.3. Suppose G and H are diffeological bundle gerbes over a smooth manifold M , and A : G / / H is an isomorphism. Suppose G and H are equipped with connections. Then, there exists a connection on the isomorphism A and a 2-form η ∈ Ω 2 a (M ) such that
is connection-preserving.
Proof. Suppose the 1-isomorphism A has a refinement Z of the surjective submersions Y G and Y H , and a principal A-bundle Q over Z. By refining the refinement Z along the bundle projection Q / / Z, we get a new 1-isomorphism with the trivial bundle I over Q, consisting further of an isomorphism
Its is compatible with the bundle gerbe products µ G and µ H . In general it does not preserve the given connections on P G and P H . The deviation from being connection-preserving is a 1-form ω ∈ Ω 1 (Q [2] , a). It satisfies the cocycle condition pr * 13 ω = pr * 12 ω + pr * 23 ω over Q [3] . Since Q / / M is a subduction over a smooth manifold, Lemma A.1 implies that there exists a 1-form γ ∈ Ω 1 a (Q) such that ω = pr * 2 γ − pr * 1 γ. Equipping the trivial bundle I over Q with the connection 1-form γ, the isomorphism
is connection-preserving. Now, the 2-form C H − C G + dγ ∈ Ω 2 a (Q) descends to the desired 2-form η ∈ Ω 2 a (M ).
The next lemma states that every thin fusion bundle is isomorphic to another one obtained by transgression. Let (P, λ) be a fusion bundle with compatible and symmetrizing thin structure d. Let (B, ω) be a connection on the bundle gerbe R x (P, λ), consisting of a connection ω on the bundle l * P and a curving B ∈ Ω 2 (P x M ). For the purposes of this section, we call (B, ω) a good connection if there exists a compatible and symmetrizing thin connection ω ′ on P with d = d ω ′ and l * ω ′ = ω. Good connections always exist: by definition of a thin fusion bundle there exists a compatible and symmetrizing thin connection ω ′ on (P, λ) with d ω ′ = d. Then define ω := l * ω ′ . Further, with Lemma A.1 the usual argument for the existence of curvings applies: dω ∈ Ω 2 (P x M [2] ) satisfies δ(dω) = 0, so that there exists a 2-form B ∈ Ω 2 (P x M ) satisfying the condition for curvings, namely δB = dω. Thus, the pair (B, ω) is a good connection.
Lemma 5.4. Let (P, λ, d) be a thin fusion bundle, let (B, ω) be a good connection on R x (P, λ), and write G for the corresponding bundle gerbe with connection. Then there exists a fusion-preserving, thin bundle isomorphism th(T ∇ G ) ∼ = (P, λ, d).
and let Φ := γ ∨ • e. In [Part II, Section 6 .2] we have constructed a liftΦ : [0, 1] 2 / / P x M along the evaluation map. Let σ u ∈ P LM be defined by σ u (t) = l(Φ(t, 0),Φ(t, 1)), and let h 0 , h 1 ∈ P LM be thin paths from h k (0) = γ(k) to h k (1) = σ u (k). We have [Part II, Lemma 6.2 
.3]:
A G (γ ∨ , T 0 , T 1 ) −1 = exp [0,1] 2Φ * B · PT(σ * u P, τ h 0 (ϕ(T 0 )), τ h 1 (ϕ(T 1 ))), (5.2) where the last term is an element in A defined by τ ω σu (τ h 0 (ϕ(T 0 ))) · PT(σ * u P, τ h 0 (ϕ(T 0 )), τ h 1 (ϕ(T 1 ))) = τ h 1 (ϕ(T 1 )), (5.3) and τ ω σu denotes the parallel transport of P along σ u ∈ P LM . We have to compute the two terms on the right hand side of (5.2).
First we show that the integral in (5.2) vanishes. Indeed, sinceΦ is a lift of the rank one map Φ through the subduction ev 1 : P x M / / M , it follows thatΦ is also a rank one map. Hence,Φ * B = 0 [Part I, Lemma A.3.2] .
For the second term, we claim that the diagram of parallel transport maps in P is commutative. Indeed, all four paths are thin, and the connection ω is thin. The paths γ, h 1 and h 2 are thin by assumption, and the path σ u is thin because the map is of rank one, which can be checked explicitly using the definition ofΦ and using that Φ is a rank one map. Summarizing, we obtain where α ′ := pr(α) ∈ P P x M . Let h ∈ P LX be a thin homotopy between l(γ 1 ⋆ γ, γ 2 ⋆ γ) and β. One may now double-check independently that f is well-defined and smooth, and that the bundle morphism ϕ = id · f is fusion-preserving and thin. These checks only employ the fact that ǫ is (by definition) a compatible, symmetrizing and thin connection on the trivial fusion bundle.
Remark B.2. At first sight, it may seem that f is homotopic to the constant map 1, by scaling the forms ǫ and η to zero. However, the proof that the above definition of f is independent of the choices of γ and h uses that ǫ is a thin and symmetrizing connection on the trivial fusion bundle, and both properties are not scaling invariant. Thus, f is not homotopic to the constant map.
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